Abstract. We define a generalized class of modified zeta series transformations generating the partial sums of the Hurwitz zeta function and series expansions of the Lerch transcendent function. The new transformation coefficients we define within the article satisfy expansions by generalized harmonic number sequences, or the partial sums of the Hurwitz zeta function, which are analogous to known properties for the Stirling numbers of the first kind and for the known transformation coefficients employed to enumerate variants of the polylogarithm function series. Applications of the new results we prove in the article include new series expansions of the Dirichlet beta function, the Legendre chi function, BBP-type series identities for special constants, alternating and exotic Euler sum variants, alternating zeta functions with powers of quadratic denominators, and particular series defining special cases of the Riemann zeta function constants at the positive integers s ≥ 3.
That is, we define these generalized sequences as the sums
where the definition of the "ordinary" r-order harmonic numbers, H
n , is given by the special cases of (2) where H (r) n ≡ H (r) n (1, 0) [8, §6.3] . Additionally, we define the analogous "modified" Lerch transcendent function, Φ(z, s, α, β) ≡ α −s · Φ(z, s, β/α), for |z| < 1 or when z ≡ −1 by the series Φ(z, s, α, β) = n≥0 z n (αn + β) s .
We notice the particular important interpretation that the Lerch transcendent function acts as an ordinary generating function that enumerates the generalized harmonic numbers in (2) according to the coefficient identity
n (α, β) = [z n ] Φ(z, s, α, β) − β −s 1 − z , |z| < 1 ∨ z = −1, n ≥ 0.
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Approach to Generating the Modified Zeta Function Series.
The approach to enumerating the harmonic number sequences and series for special constants within this article begins in Section 2 with a brief overview of the properties of the harmonic number expansions in (2) obtained through the definition of a generalized Stirling number triangle extending the results in [13] . We can also employ transformations of the generating functions of many sequences, though primarily of the geometric series, to enumerate and approximate the generalized harmonic number sequences in (2) which form the partial sums of the modified Hurwitz zeta function in (1) . For example, given the ordinary generating function, A(t), of the sequence a n n≥0 , we can employ a known integral transformation involving A(t) termwise to enumerate the following modified forms of a n when r ≥ 2 is integer-valued [3] : n≥0 a n (n + 1) r z n = (−1) r−1 (r − 1)! 1 0 log r−1 (t)A(tz)dt.
For integers α ≥ 2 and 0 ≤ β < α, we can similarly transform the ordinary generating function, A(t), through the previous integral transformation and the α th primitive root of unity, ω α = exp(2πı/α), to reach an integral transformation for the modified Lerch transcendent function in (3) in the form of the next equation [15] . The main focus of this article is on the applications and expansions of generating function transformations introduced in Section 3 that generalize the forms of the coefficients defined in [14] . In many respects, the generalizations we employ here to transform geometric-seriesbased generating functions into series in the form of (3) are corollaries to the results in the first article. The next examples illustrate the new series we are able to obtain using these generalized forms of the generating function transformations proved in the reference.
1.3.
Examples of the New Results.
BBP-Type Formulas and Identities.
Many special constants such as those given as examples in the next sections satisfy series expansions given by BBP-type formulas of the form
where A = (a 1 , a 2 , . . . , a m ) is a vector of constants and m, b, s ∈ Z + . A pair of particular examples of first-order BBP-type formulas which we list in this section to demonstrate the new forms of the generalized coefficients listed in Table 3 and Table 4 of the article below provide series representations for a real-valued multiple of π and a special expansion of the natural logarithm function [2, §11] [10, §3].
New Series for Special Zeta Functions. The next two representative examples of special zeta functions serve to demonstrate the style of the new series representations we are able to obtain from the generalized generating function transformations established by this article. The Dirichlet beta function, β(s), is defined for ℜ(s) > 0 by the series
The series in the previous equation is expanded through the generalized coefficients when (α, β) = (2, 1) as in the listings in Table 2 . The first few special cases of s over the positive integers are expanded by the following new series [5, cf. §8]:
For |z| < 1, the Legendre chi function, χ ν (z), is defined by the series
The first few positive integer cases of ν ≥ 1 are similarly expanded by the forms of the next series given by
Other special function series and motivating examples of these generalized generating function transformations we consider within the examples in Section 4 of the article include special cases of the Hurwitz zeta and Lerch transcendent function series in (1) and (3). In particular, we consider concrete new series expansions of BBP-like series for special constants, alternating and exotic Euler sums with cubic denominators, alternating zeta function sums with quadratic denominators, polygamma functions, and several particular series defining the Riemann zeta function, ζ(2k + 1), over the odd positive integers.
2. Generalized Stirling Numbers of the First Kind 2.1. Definition and Generating Functions. We first define a generalized set of coefficients in the symbolic polynomial expansions of the next products over x as an extension of the results first given in [13] The polynomial coefficients of the powers of x in (4) are then defined by the following triangular recurrence for natural numbers n, k ≥ 0:
We also easily arrive at generating functions for the column sequences and for the generalized analogs to the Stirling convolution polynomials, σ n (x) and σ
The series enumerating these coefficients are expanded as the following closed-form generating
When (α, β) = (1, 0), (α, 1 − α) we arrive at the definitions of the respective triangular recurrences defining the Stirling numbers of the first kind, n k , and the generalized α-factorial functions, n! (α) , from the references [1, 8, 13] . Table 1 lists the first several rows of the triangle in (5) corresponding to the special case of (α, β) = (2, 1) as considered in many special case expansions. 2 For fixed x, α, β, we have a known identity for the following exponential generating functions, which then implies the first result in (6) by considering powers of x k as functions of z where (x)n denotes the Pochhammer symbol [9] [11, §5.2(iii)]:
We can then apply a double integral transformation for the beta function, B(a, b), in the form of [11, §5.12 ]
for real numbers a, b > 0 such that b ∈ Q \ Z to these generating functions to obtain partially complete integral representations for the transformed series over the modified coefficients in (10) and (12) - (13) of Section 3 cited by the examples in Section 4.
2.2.
Expansions by the Generalized Harmonic Number Sequences. We find, as in the references [1, 14] , that this generalized form of a Stirling-number-like triangle satisfies a number of analogous harmonic number expansions to the Stirling numbers of the first kind given in terms of the partial sums, H (r) n (α, β) = n k=1 (αk + β) −r , of the modified Hurwitz zeta function, ζ(s, α, β) = n≥1 1/(αn + β) s . For example, we may expand special case formulas for the triangle columns at k = 2, 3, 4 in the following forms
Similarly, we invert to expand the first few cases of the generalized r-order harmonic numbers through products of the coefficients in (5) 
In general, we can use the elementary symmetric polynomials implicit to the product-based definition of these generalized Stirling numbers in (4) to show that
where Y n (x 1 , x 2 , . . . , x n ) denotes the exponential, or complete, Bell polynomial whose exponential generating function is given by Φ(t, 1) ≡ exp j≥1 x j t j /j! [12, §4.1.8]. Additionally, the next recurrences are obtained for the generalized harmonic numbers in terms of these coefficients corresponding to the partial sums in our definition of the "modified" Hurwitz zeta function, ζ(s, α, β) = α −s × ζ(s, β/α).
The last equation provides an implicit functional equation between our modified Hurwitz zeta function involving the generalized Stirling numbers of the first kind in (5). For (α, β) := (1, 0), the previous equation implies new functional equations relating the p-order and
Transformations of Ordinary Power Series by Generalized Stirling
Numbers of the Second Kind
Definitions and Preliminary Examples.
Another approach to the relations of the generalized harmonic number sequences to the forms of the triangles defined by (5) proceeds as in the reference [14] . In particular, the next definitions lead to new expansions of many series and BBP-type formulas for special functions and constants from the introduction and in Section 4 which are implied by the new identities we prove for the series expansions of the modified Lerch transcendent function,
The definition of the generalized Stirling numbers of the second kind 4 provided by (8) , and recursively by
also implies the next new truncated partial power series identities for the "modified" Lerch transcendent function over some sequence, g n , whose ordinary generating function, G(z), has derivatives of all orders, for α ≥ 1 and 0 ≤ β < α, and for any fixed u ≥ 1, u 0 ≥ 0 (See [14] ).
4 See the conclusions in Section 5.1 for a short discussion of why we consider these transformation coefficients to be generalized Stirling numbers of the second kind. 
The generalized harmonic number expansions of the coefficients in (8) are considered next in Section 3.2. An even more general proof of the formal power series transformation suggested in the concluding remarks from [14] is given below in Section 3.3. Table 2, Table 3, and Table  4 each provide listings of useful particular special cases of the generalized transformation coefficients, or alternately, generalized Stirling numbers of the second kind within the context of this article, corresponding to (α, β) := (2, 1), (3, 1) , (3, 2) , respectively. Table 4 . A Table of 
be expanded in explicit formulas by the next equations.
For larger cases of k > 5, we employ the following heuristic to generate the harmonic number expansions of these functions, which for concrete special cases are easily obtained from Mathematica's Sigma package:
We then define a vague analog to the harmonic number expansions in [14] through the expansions of these functions as
Notice that the heuristic we used to generate more involved cases of the expansions for the functions, R k (α, β; j), imply recurrences for the k-order generalized harmonic number sequences in the following forms when k ≥ 3:
A pair of harmonic and Hurwitz zeta function related identities that follow from the generalized coefficient definitions in (8) are obtained by similar methods from the reference [14] for n ≥ 1 as follows:
Proofs of the Zeta Series Transformations of Formal Power Series.
3.3.1. Proofs of the Geometric and Exponential Series Transformations. We claim that for any sequence, f (n) , which is not identically zero for n ≥ 0, any natural numbers k ≥ 1, and a sequence, g n , whose ordinary generating function, G(z), has derivatives of all orders, we have the (formal) series transformation
where the coefficients implicit to the right-hand-side series are defined by
As in [14] , we primarily only work with these generalized series when the sequence generating function of g n is some variation of the geometric or exponential series. Therefore, for the content of our article, it suffices to prove the next two cases.
Proof of the Geometric Series Case. Let g n ≡ 1 so that its corresponding j th derivative is given by G (j) (z) = j!/(1 − z) j+1 . We proceed to expand the right-hand-side of (14) as follows:
For a fixed c = 1, a known binomial sum identity gives that
which then implies that when c → −z/(1 − z) we have
Proof of the Exponential Series Case. Let g n ≡ r n /n! so that its corresponding j th derivative is given by G (j) (z) = r j e rz for all j. In this case, we proceed to expand the right-hand-side of (14) as
Remarks on Symbolic Transformation Coefficient Identities.
We observe that most of the identities formulated in [14, §3] are easily restated as symbolic identities for the coefficients in (15) . If f (m) is polynomial in m, by expanding 1/f (m) in partial fractions over linear factors of m, we arrive at sums over the coefficient forms in (10) of Section 3.2 above. If 1/f (z) is a meromorphic function, we may alternately compute the symbolic coefficients in (15) by the next Nörlund-Rice integral over a suitable contour given by [6] 
We provide a brief overview of examples of several finite sum expansions which are also easily proved along the lines given in the reference, and then quickly move on to the particular cases of the series transformations at hand in this article. For example, if we let the r-order fharmonic numbers, F (r) n (f ) := n k=1 f (k) −r , be defined for a non-zero-valued function, f (n), we may expand the coefficients in (15) as
for any integers j, k ≥ 1 and real-valued r ∈ (0, k). Notice that we can also similarly define the symbolic generalized Stirling numbers of the first kind by
and then proceed to derive a whole new related set of even more general symbolic combinatorial identities and properties for these coefficients involving the f -harmonic-numbers, F (r) n (f ). 
Examples of New Series Expansions for Modified Zeta Function Series
The second and fourth series on the right-hand-side of the previous equations follow from an identity for the j th derivatives of the first-order harmonic number generating function given by
for all integers j ≥ 0. Since this identity is straightforward to prove by induction, we move quickly along to the next example. We also observe the key difference between the generalized zeta series transform coefficients introduced in [14] and those defined by (10) and (13) of this article. In particular, the definitions of the generalized coefficients given in this article imply functional equations for a number of special series. For example, the second series in the equations immediately above is given in terms of the first sum in the following form:
These special cases of the generalized harmonic number sequences are expanded in terms of the ordinary r-order harmonic numbers, H (r) n , considered in the expansions of [14] as
We have similar relations for series defining rational multiples of the polygamma functions, ψ s−1 (z/2) − ψ s−1 ((z + 1)/2), for example, as in the next pair of related sums given by
which then implies functional equations between the polygamma functions such as the following identity: 
An Exotic Euler
It is not difficult to prove that we have the following two ordinary generating functions for the squares of the first-order harmonic numbers:
A proof of these two series identities follows from the expansions of the polylogarithm function, Li 2 (z)/(1 − z), generating the second-order harmonic numbers, H
n , in [14, §4] . In particular, we expand the polylogarithm series as
and then perform the change of variable z → −z/(1 − z) to obtain these results.
Since the derivatives of the polylogarithm functions in each of the equations in (16) are tedious and messy to expand, we do not give any explicit series for these Euler sums, A * q . However, we do note that a sufficiently motivated reader may expand these sums by the generalized coefficients we defined in (8) by taking partial fractions of the denominators of A q . For example, when q = 1, 2 we have the series
To expand the more involved cases of the polylogarithm function derivatives, we first note that for integers s ≥ 2 and |z| ≤ 1 we have [7, §2.7] 
where for r ∈ Z + we have the identity that [8, §7.4]
and where the composite derivatives in the second equation of (16) The method employed to expand these particular series is to factor and then take partial fractions to apply the generalized transformation cases we study within this article. For example, we observe that
which immediately leads to the first two of the next series examples.
(1)
Another quadruple of trigonometric function series providing additional examples of expanding sums with quadratic denominators by partial fractions is given as follows [7, §1.2] :
Remark 4.1 (Expansions of General Zeta Series with Quadratic Denominators). For general quadratic zeta series of the form
for integers s ≥ 1 and constants a, b, c ∈ R, we can apply the same procedure of factoring the denominators into linear factors of z and taking partial fractions to write the first sums as a finite sum over functions of the form Φ(z, s, α, β) for variable parameters, α, β ∈ C. We also note that a less standard definition of the Lerch transcendent function, Φ(z, s, a), is given by
, which also suggests an approach to a reduction to non-integer order exponents s from the general quadratic zeta series in the forms of (17). 
.
Zeta Function Constants
Defined by the Alternating Hurwitz Zeta Function. We conclude the applications in this section with several series for the alternating Hurwitz zeta function, ζ * (s, α, β) + β −s = Φ(−1, s, α, β). In particular, we see that [11, §25.11 
Examples of the last series identity for the Riemann zeta function, ζ(s), when s = 2, 3, 4 are given in the following equations in terms of the special cases of the transformation coefficients expanded in Table 3 and Table 4 :
Conclusions and Final Examples
We have defined and proved special cases of a generalized generating function transform generating modified zeta functions and special zeta series. In Section 2 we connected the harmonic number expansions of generalized Stirling numbers of the first kind to partial sums of the modified Hurwitz zeta function defined by (1) and (3) of Section 1. The primary source of our new examples and applications is the generalization, or at least significant corollary, to the generating function transformations proved in [14] . Section 1.3 of the introduction and Section 4 suggest many more important applications of these generalized forms of the generating function transformations explored in the first article.
5.1.
Relations to Stirling Numbers of the Second Kind. The second geometric series transformation identity stated in (8) effectively provides a combinatorial motivation for the known series for the Lerch transcendent function given by (See [14] )
The even more general forms of the transformation coefficients defined by (8) are considered to be Stirling numbers of the second kind "in reverse" in the sense that we have another related generalized form of the generating function transformation motivating the explorations in the first article defined by [8 
Moreover, we can extend this analog by observing that we also have the following negativeorder identity involving the generalized Stirling numbers of the second kind defined by the last power series transformation identity [11, cf. §26.8(v)]:
5.2.
Limitations and Versatility of the Transformations.
Some Limitations.
Most of the generating functions we have employed in constructing the examples and applications within this article are based on variants of the geometric series, G(z) = 1/(1 − cz), for some non-zero constant c ∈ C such that |cz| < 1 or when cz ≡ −1.
One notable and obvious limitation of applying these geometric-series-based cases of our new transformations defined in Section 3 is that we are not able to handle series of the form n z n /(αn+β) s when |z| ≡ 1, nor when | We can also form yet other variants of the geometric-series-based transformations by considering Fourier series for special polynomials, such as the periodic Bernoulli polynomials, B n (x) ≡ B n (x − {x}), and the Euler polynomials, E n (x) = n! · [t n ]2e tx /(e t + 1), given in the forms of the following particular series expansions for n ≥ 1 [11, §24.8(i)]: 5.3. For Readers and Reviewers. A summary Mathematica notebook providing numerical data and supporting computations in deriving key results and new applications to specific series is provided online at the following Google Drive link: https://drive.google.com/file/d/0B6na6iIT7ICZMjJnO
The intention of this supplementary document included with the submission of this article is to help the reviewer process the article more quickly, and to assist the reader with verifying and modifying the examples presented as applications of the new results cited above.
